Abstract. The well-known Banach-Mazur theorem says that every separable Banach space can be isometrically embedded into C([0, 1]). We prove that this embedding can have the property that the image of each nonzero element is a nowhere approximatively differentiable and nowhere Hölder function. It improves a recent result of L. Rodriguez-Piazza where the images are nowhere differentiable functions.
Introduction
The well-known Banach-Mazur theorem says that every separable Banach space can be isometrically embedded into C([0, 1]). We prove that this embedding can have the property that the image of each nonzero element is a nowhere approximatively differentiable and nowhere Hölder function. It improves a recent result of L.Rodriguez-Piazza [2] where the images are nowhere differentiable functions (for references about results concerning embeddings into subsets of C([0, 1]) see [2] ). The basic idea of our proof is the same as in [2] but we use a more complicated construction which uses an idea of Malý and Zajíček [1] .
Let ∆ be the Cantor set. It is well known that every separable Banach space is isometric to a subspace of C(∆) so the following theorem will be enough to obtain the announced result. 
is nowhere approximatively differentiable and nowhere Hölder function.
In fact we will prove a stronger result: 
(iii) For all n ∈ N it holds that the set D z = y ∈ [0, 1] :
> n has the symmetric upper density 1 at z for all z ∈ (0, 1), the set D 0 has the right upper density 1 at point 0 and the set D 1 has the left upper density 1 at point 1.
Remark. Proposition 2 not only gives us that F f does not have finite approximate derivative but also that F f does not have a finite one-sided preponderant derivative as well (for definition of the preponderant derivative see [3, pages 112-113] ).
As a by-product of our construction we will obtain: Recall definitions of some notions used above. Suppose that f is measurable on
Let x ∈ [0, 1] and r ∈ R. We say that ap
where |M | denotes the Lebesgue measure on R. The function f is said to be approximatively differentiable at a point
We say that f on [0, 1] is a nowhere Hölder function if for all x ∈ [0, 1] and α > 0
If we apply Proposition 2 for ϕ(t) = − 1 ln t we get that property (iii) of Proposition 2 clearly implies property (iii) of Theorem 1. Thus we devote the rest of the paper to the proofs of Proposition 2 and Proposition 3.
Construction of useful sequences
Let ϕ be as in Proposition 2. Put ψ = √ ϕ. We can clearly find a sequence
We will also require that
Let us define intervals I n,j . Suppose that for a certain n ∈ N we have defined all I n−1,j . Divide each I n−1,j into five intervals of equal length λ n−1 5 . If we choose the interval I n,2j−1 inside the second one, and I n,2j inside the fourth one, then (9) and (11) clearly hold. Since by (6) and (8) p n + λ n < λ n−1 5 , it is easy to see that we can choose subsequently I n,1 , I n,2 , . . . , I n,2 n such that moreover |I n,j | = λ n and (10) holds. Put K n = I n,1 ∪ I n,2 ∪ . . .∪ I n,2 n and K = n≥1 K n . Clearly K is homeomorphic to the Cantor set.
Lemma 1. Let n > 2 and (z
Proof. Thanks to (6) and (8) we have
So by (11) we obtain that (z − h, z + h) intersects at most one component of K n−1 and thus at most two components of K n .
Construction of T
Construction of T is analogous to the construction in Lemma 2 from RodriguezPiazza [2] .
Lemma 2. There exists a linear
Proof. For every n ≥ 0 and every j ∈ {1, . . . , 2 n } pick a point x n,j ∈ I n,j ∩ K. We define T f(t) = f (t) for every t ∈ K. For every n ≥ 0 and every j ∈ {1, . . . , 2 n }, we define
Extend T f affinely on every interval [a, b] where f has been defined in points a, b above and f has not been defined in points of interval (a, b) above. Conditions (a) and (b) are clearly fulfilled. It is easy to see that F is a linear operator and it is obvious that F f is a continuous function on [0, 1]. Now verify (c).
on which f has been defined affinely and (11) implies that every such interval which does not intersect K n has the length at least 1 5
Construction of F
Choose a sequence {y n } ∞ n=1 dense in K and define functions f n :
Notice that
Thanks to (2) this series converges uniformly. Thanks to (2) and Lemma 2, F :
is a linear isometry so conditions (i) and (ii) from Proposition 2 are fulfilled.
Properties of F
We will need the following simple fact.
Lemma 3.
Let I be an interval of length p > 0, M ⊂ I, 0 < α < 1 and β ∈ R.
For all x, y ∈ M let 
Choose arbitrary 1 > δ > 0 and put
Choose an arbitrary 0 < h < p 1 . Thanks to (7) there is a unique n = n(h) such that np n < h ≤ (n − 1)p n−1 . First prove that if n ∈ M is big enough and I ⊂ (z − h, z + h) \ K n is an interval of length p n , |(s n−1 )(t)|
a j ≤ a n n f ∞ .
